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Abstract
The equations of continuum hydrodynamics can be derived from the Boltzmann equation, which
describes rarefied gas dynamics at the kinetic level, by means of the Chapman-Enskog expansion.
This expansion assumes a small Knudsen number, and as a consequence, the hydrodynamics equa-
tions are able to successfully describe sound propagation when the frequency of a sound wave is
much higher than the collision frequency of the particles. When both frequencies become compara-
ble, these equations give a poor account of the experimental measurements. A series of generalized
hydrodynamic equations has been introduced in the literature along the years in order to improve
the continuous description of small scale properties of fluid flow, as ultrasound propagation. We
will describe herein some of the simplified models that has been proposed so far.
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One of the main challenges of nonequilibrium statistical mechanics is to obtain accurate
macroscopic descriptions of microscopic processes. An important example is the derivation of
the hydrodynamics, Euler and Navier-Stokes, equations from the Boltzmann equation [1, 2],
which describes rarefied gas dynamics at the kinetic level. This program can be carried out by
means of the Chapman-Enskog expansion [3, 4], assuming a small Knudsen number, which is
the ratio among the mean free path of the gas molecules and the macroscopic characteristic
length. While the Navier-Stokes equations represent a remarkable success of the theoretical
study of fluid mechanics, it is well known that the spectral properties of their solution do not
agree with experimental data for short wavelengths [5]. Consequently, the Navier–Stokes
equations are able to successfully describe sound propagation when the frequency of a sound
wave is much higher than the collision frequency of the particles. When both frequencies
become comparable, these equations give a poor account of the experimental measurements.
In order to solve this problem, one is tempted to derive generalized hydrodynamic equations
continuing the Chapman-Enskog expansion to higher orders [6], to obtain the so called
Burnett and supra–Burnett equations, but they have never achieved any notable success [7].
Of course, studying and analyzing the Euler, Navier–Stokes, Burnett and supra–Burnett
equations is rather complicated as they are composed of a large number of terms. This fact
justified the introduction of several simplified models for hydrodynamics. One of them is
the inviscid Burgers equation
∂tu+ u∂xu = 0, (1)
which describes the evolution of the pointwise fluid velocity u = u(x, t). This equation
expresses the free flight of the fluid particles, and experience non–existence of the solution,
in the form of finite time shock and rarefaction waves [8]. Actual particles do interact, and
this interaction can be introduced phenomenologically into the equation for fluid motion by
means of a viscosity term, to obtain the viscous Burgers equation
∂tu+ u∂xu = ν∂
2
x
u, (2)
where ν is the fluid viscosity. This equation can be explicitly solved by means of the Hopf–
Cole transformation [8], and the exact formula reveals that the solution is regular for all
times. However, contrarily to what happens in the inviscid case, in which perturbations
propagate linearly in time, the viscous case supports infinitely fast propagation of distur-
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bances. The hyperbolic modification of the Burgers equation
µ∂2
t
u+ ∂tu+ u∂xu = ν∂
2
x
u, (3)
where µ is the fluid inertia, can be introduced phenomenologically in order to take into
account the memory effects coming from the finite size of the temporal lapse among gas
molecules collisions. One would in principle expect that such a wave form of the hyperbolic
Burgers equation is able to support finite propagation of disturbances, a fact that can also
be proven rigourously [9].
Beyond phenomenology, it is possible to find more fundamental justifications of the wave
form of the hyperbolic Burgers equation. One possibility was suggested by Rosenau [10],
who found that the telegraphers equation (which is actually the linearization about u = 0
of the hyperbolic Burgers equation)
µ∂2
t
u+ ∂tu = ν∂
2
x
u, (4)
reproduces the spectrum of its microscopic counterpart, the persistent random walk, almost
exactly. Using this fact, he claimed that the Chapman-Enskog expansion should be sub-
stituted by a different expansion keeping space and time on equal footing. This procedure
would preserve the hyperbolic nature of the resulting equations, and thus the nice spectral
properties of the solution, at least in the linear regime [10]. An expansion of this type was
carried out by Khonkin [11], who found new equations for the momentum and energy fluxes
which, in contrast to the classical Navier-Stokes and Fourier laws, depend on the first time
derivative of these fluxes. This dependence implies in turn the appearance of a term propor-
tional to the second order time derivative of the velocity, among others, in the corresponding
modified Navier-Stokes equations, which become now hyperbolic. However, it was already
argued by Rosenau that hyperbolicity in union with nonlinear hydrodynamical evolution
might result in the non–existence of the solution. A similar idea was proposed later [12],
where hyperbolicity was introduced to take into account memory effects in the hydrody-
namic description of the flow, and to get rid of the infinite speed of signal propagation.
In order to understand the interplay between hyperbolicity and nonlinear convection, the
hyperbolic Burgers equation was studied in [12] by means of linear and numerical analyses.
One of the conclusions of this work is that this equation has blowing up solutions under
certain circumstances. Note also that, apart from its use as a toy model for generalized
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hydrodynamics, the hyperbolic Burgers equation has been employed as mathematical model
of traffic flow [13, 14].
The hyperbolic Burgers equation has been rigourously analyzed a number of times.
In [15], the global existence in time of the solution was proved for small enough initial
conditions, together with the convergence of this solution to the corresponding one of the
viscous Burgers equation in the limit µ→ 0. The non-existence of a global in time solution
of a certain class of nonlinear wave equations was proven in [16]; the hyperbolic Burgers
equation can be shown to belong to this class. The temporal asymptotic behavior of the
solution to the hyperbolic Burgers equation was proved in [17] to be the same as the one
of the viscous Burgers equation, in those cases in which this solution is global in time. The
shock wave dynamics of initial discontinuous profiles was studied in [14, 18] by means of
singular surface theory and numerical approximations. In [9] we proved the finite time blow-
up of the solution to the hyperbolic Burgers equation provided its initial conditions where
large enough. We showed that for regular, large enough and compactly supported initial
conditions the solution u to the hyperbolic Burgers equation obeys
lim
t→tb
||u||
L∞(R) =∞, (5)
for some finite tb. We have proven additionally some other properties of the solution to
the hyperbolic Burgers equation. It cannot develop any other form of non-existence of
the solution, apart from blow-up, provided the initial conditions are regular enough. This
prohibits in particular the finite time formation of shock or acceleration waves out of regular
initial data. In more general terms we can say that we have proven that the solution is
regular and compactly supported as long as it is bounded. See [9] for details of the proofs.
One sees that after introducing inertia in the viscous Burgers equation to get the hy-
perbolic Burgers equation one recovers both the desirable finite speed of propagation of
disturbances and the undesirable finite time non-existence of the solution. To prevent the
singularities a higher order viscosity term was introduced in [12], and so the pseudohyper-
bolic Burgers equation
µ∂2
t
u+ ∂tu+ u∂xu = ν∂
2
x
u+ λ∂2
x
∂tu, (6)
was found. Note that herein we have assumed a constant hyperviscosity λ > 0, contrary to
the x−dependent one in [12], which sign was not defined either (in this last case the equa-
tion becomes linearly ill-posed). Contrary to the conjecture raised in [12], our preliminary
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numerical analyses [19] have shown that the solution to the pseudohyperbolic Burgers equa-
tions, which propagates perturbations infinitely fast as one could na¨ıfly expect, also blows
up in finite time provided the initial conditions are large enough. In this case, however,
blow-up requires much larger initial conditions than in the case of the hyperbolic Burgers
equation. In this sense we can say that hyperviscosity implies a partial regularization of the
solution, but it still unable to unconditionally prevent blow-up.
Acknowledgments
The author is grateful to Pedro Jordan for his interest in our work and for sharing with
us his knowledge on this topic. Our joint numerical investigation of the pseudohyperbolic
Burgers equation was performed during the conference ICTCA 2009 in Dresden. This work
has been partially supported by the MICINN (Spain) through Project No. MTM2008-03754.
[1] C. Bardos, F. Golse and C. D. Levermore, Fluid dynamics limits of kinetic equations I: Formal
derivations. J. Stat. Phys. 63, 323 - 344 (1991).
[2] L. Saint-Raymond, Convergence of solutions to the Boltzmann equation in the incompressible
Euler limit. Arch. Rat. Mech. Anal. 166, 47 - 80 (2003).
[3] S. Chapman and T. G. Cowling, The mathematical theory of non-uniform gases. Cambridge
University Press, London (1970).
[4] C. Cercignani, The Boltzmann equation and its applications. Springer-Verlag, New York
(1988).
[5] X. Chen, H. Rao and E. A. Spiegel, Continuum description of rarefied gas dynamics. II. The
propagation of ultrasound. Phys. Rev. E 64, 046309 (2001).
[6] D. Burnett, The distribution of velocities in a slightly non-uniform gas. Proc. London Math.
Soc. 39, 385 - 430 (1935).
[7] H. Grad, Asymptotic theory of the Boltzmann equation. Phys. Fluids 6, 147 - 181 (1963).
[8] L. C. Evans, Partial Differential Equations. American Mathematical Society, Providence,
Rhode Island (2002).
[9] C. Escudero, Blow-up of the hyperbolic Burgers equation. J. Stat. Phys. 127, 327 – 338 (2007).
5
[10] P. Rosenau, Random walker and the telegraphers equation: A paradigm of a generalized hy-
drodynamics. Phys. Rev. E 48, R655 - R657 (1993).
[11] A. D. Khonkin, The paradox of the infinite velocity of travel of perturbations in hydrodynamics
of viscous, heat-conducting media, and equations of hydrodynamics of fast processes. Fluid
Mech. Sov. Res. 9, 93 - 101 (1980).
[12] A. S. Makarenko, M. N. Moskalkov and S. P. Levkov, On blow-up solutions in turbulence.
Phys. Lett. A 235, 391 - 397 (1997).
[13] M. J. Lighthill and G. B. Whitham, On kinematic waves. II. A theory of traffic flow on long
crowded roads. Proc. Royal Soc. London A 229, 317 - 345 (1955).
[14] P.M. Jordan, Growth and decay of shock and acceleration waves in a traffic flow model with
relaxation. Physica D: Nonlinear Phenomena 207, 220 – 229 (2005).
[15] V. Ja. Rudjak and Sˇ. Smagulov, On the hyperbolic modification of the Burgers equation.
Doklady Akademii Nauk SSSR 255, 801 – 804 (1980).
[16] T. C. Sideris, Formation of singularities in solutions to nonlinear hyperbolic equations. Arch.
Rat. Mech. Anal. 86, 369 – 381 (1984).
[17] R. Orive and E. Zuazua, Long-time behavior of solutions to a non-linear hyperbolic relaxation
system. J. Diff. Eq. 228, 17 – 38 (2006).
[18] I. Christov and P. M. Jordan, Shock bifurcation and emergence of diffusive solitons in a
nonlinear wave equation with relaxation. New J. Phys. 10, 043027 (2008).
[19] C. Escudero and P. M. Jordan (unpublished).
6
